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COIDEAL ALGEBRAS FROM TWISTED MANIN TRIPLES
S. BELLIARD AND N. CRAMPE´
Abstract. We propose a new approach to study coideal algebras. It is well-known that Manin triples (or
equivalently Lie bi-algebra structures) are the requirement to deform Lie algebras and to obtain quantum
groups. In this paper, introducing some particular automorphisms of Manin triples, we define new structures
that we call Lie bi-ideal structures. A link with coisotropic subalgebras is explained. We show that their
deformation provide coideal algebras. As examples, we recover from our general construction the twisted
Yangians Y±(sl(2)), the q-Onsager algebra and the augmented q-Onsager algebra. As an important by-
product, we find a new presentation for the twisted Yangians.
MSC numbers: 81R50, 17B37
Key words: Coideal; Coisotropic subalgebra; Deformation; Manin triple; Onsager algebras; Twisted
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1. Introduction
The quantum groups introduced in [J1, Dr] have a lot of influence in different scientific domains, such as
the study of the Hopf algebras or the development of the quantum inverse scattering method [FST] to solve
the quantum integrable systems. It was realized later that a Hopf structure is necessary to study the bulk
part of the integrable systems whereas a coideal structure is needed to study the boundaries. Indeed, the
study of integrable models with open boundary conditions (instead of periodic boundary conditions) requires
the reflection equations [Cher] which define subalgebras of quantum groups, called reflection algebras [Sk]
(see also [MR]). These subalgebras are not Hopf algebras anymore but are still coideal subalgebras.
A lot of coideal subalgebras have been introduced: the twisted quantized enveloping algebras correspond-
ing to symmetric pairs (gln, on) or (gl2n, sp2n) [No, NS, GK] or to symmetric pairs (gln+m, gln ⊕ glm)
[DN, DNS], the twisted Yangians [Ols, MNO], the twisted q-Yangians [MRS] or the q-Onsager algebras
and their generalization [IT1, IT2, BS, BB] (see also [DMS, DM] for an application to integrable quantum
field theories). Let us also mention the papers [Le] where a classification of coideals for the finite quantum
groups has been performed, [DKM, Mu] where Drinfeld twists allow them to introduce a universal reflection
equation and [KS] where they exhibit relations between the different approaches.
In this paper, we propose to modify the historical methods, used by Drinfeld to introduce quantum
groups [Dr], in order to obtain coideal subalgebras. Namely, Drinfeld used the Lie bi-algebra structure to
characterize the expansion of the coproduct. Then, he showed that it defined completely the deformation
and obtained quantum groups. In the case of coideal subalgebras, we have to replace the notion of bi-algebra
by a new structure: the Lie bi-ideal structure (see definition 2.2). We also link this structure with the
coisotropic subalgebra [Lu, Ci]. Then, we show how to deform this structure to get coideal algebras.
One of the practical methods to get examples of Lie bi-algebra structures consists in finding Manin triples.
Indeed, there is a one-to-one correspondence between a Manin triple and a Lie bi-algebra structure (for finite
algebras). In this paper, we associate a Lie bi-ideal structure to a particular automorphism of Manin triple,
called the Manin triple twist. From a simple criterion on this twist, we identify two types of deformation,
leading to Hopf subalgebras or coideal subalgebras.
The plan of this paper is as follows. In section 2, we recall the definition of a Manin triple and its relation
with the Lie bi-algebra structure. Then, we define the Manin triple twists and the Lie bi-ideal structure.
In section 3, we are interested in the deformation of the previous structure. We recall how to deform the
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Lie bi-algebra structure and explain how to deform the Lie bi-ideal structure. In section 4, we give different
examples of these structures associated to the loop algebra (section 4.1) and to the half-loop algebra (section
4.2). For each case, we provide a Lie bi-algebra structure and give the Hopf deformation to get the quantum
algebra and the Yangian. We give also different examples of Manin triple twists and get the q-Onsager
algebra, the augmented q-Onsager algebra, the positive Borel of U~(A
(2)
1 ) and the twisted Yangians Y
±
~
(sl2).
In section 5, we construct, using intertwiner techniques, scalarK-matrices from the coideal algebras obtained
in the examples. It allows us to discuss the connection between our examples and some known reflection
algebras. Finally, we conclude and give some open problems in section 6.
2. Manin triple and twists
In this section, we recall the definition of a Manin triple as well as the link with the Lie bi-algebra
structure. Then, we introduce the notion of twist and study their consequences.
Throughout this section, p is a finite dimensional Lie algebra. Similar definitions can be given for p infinite
but, in this case, the notion of duality must be tackled with care.
2.1. Lie bi-algebra and Manin triple. In this subsection, we recall the definitions of a Lie bi-algebra
and of a Manin triple (see [CP] for a review). Let g be a Lie algebra. A Lie bi-algebra structure on g is
a skew-symmetric linear map δg : g → g ⊗ g, the cocommutator, such that δ
∗
g is a Lie bracket and δg is a
1-cocycle of g with values in g⊗ g
δg([x, y]) = x.δg(y)− y.δg(x) .(2.1)
The couple (g, δg) is a Lie bi-algebra.
To get explicit examples of this structure, it is usually more convenient to deal with the notion of Manin
triple. A Manin triple is a triple of Lie algebras (p, p+, p−) such that
(i) there is a non-degenerate symmetric bilinear form 〈 , 〉p on p, invariant under the adjoint action of p;
(ii) p+ and p− are Lie subalgebras of p;
(iii) p = p+ ⊕ p− as vector spaces;
(iv) p+ and p− are isotropic for 〈 , 〉p (i.e. 〈p±, p±〉p = 0).
Indeed, this definition allows one to get a Lie bi-algebra since there exists a one-to-one correspondence
between the Manin triple (p, p+, p−) and a Lie bi-algebra structure for p+. More precisely, the inner product
〈 , 〉p determines an isomorphism of vector spaces p+ ≃ p
∗
−. Then, the Lie bi-algebra structure on p+, i.e.
the cocommutator δp+ : p+ → p+ ⊗ p+, is provided by the dual of the commutator [ , ]p− : p− ⊗ p− → p−
(see e.g. [CP] for a proof that δp+ = ([ , ]p−)
∗ is a 1-cocycle). We give two examples of this correspondence
in sections 4.1.1 and 4.2.1.
2.2. Manin triple twists. We give here one of the main new structures introduced in this paper.
Definition 2.1. Let (p, p+, p−) be a Manin triple. An invariant (resp. anti-invariant) Manin triple twist φ
is an automorphism of p satisfying
(i) φ is an involution i.e. φ2 = Id;
(ii) φ(p±) = p±;
(iii) 〈φ(x), y〉p = +〈x, φ(y)〉p (resp. 〈φ(x), y〉p = −〈x, φ(y)〉p), for any x, y ∈ p.
As a direct consequence of this definition, a Manin triple twist φ provides the symmetric space decompo-
sitions
(2.2) p± = k± ⊕m± with φ(k±) = +k± and φ(m±) = −m± ,
and p = k⊕m with φ(k) = +k and φ(m) = −m. We recall that one gets
(2.3) [k, k] ⊂ k , [k,m] ⊂ m and [m,m] ⊂ k .
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Similar relations hold for k±,m±. In particular, the +1-eigenspaces k, k± are Lie algebras. As explained
previously (see section 2.1), a Manin triple (p, p+, p−) allows one to obtain a Lie bi-algebra structure for the
Lie algebra p+. We are now interested if it is possible to get similar result for the Lie algebra k+. We treat
separately in the following subsections the cases when φ is an invariant or an anti-invariant Manin triple
twist.
2.2.1. Invariant Manin triple twist. Let φ be an invariant Manin triple twist. Using this invariance, it is
easy to show that
(2.4) 〈k+,m−〉p = 0 and 〈m+, k−〉p = 0 .
We deduce that k+ ≃ k
∗
− as vector spaces. Finally, we can conclude that (k, k+, k−) is a Manin triple with
the inner product deduced from that of p. Therefore, k+ is a Lie bi-algebra with the cocommutator δk+ dual
of the Lie bracket [ , ]k− .
Remark 2.1. An important point to notice is that the cocommutator δk+ , constructed by this way, is a map
from k+ to k+⊗k+ and is different from the cocommutator δp+ (constructed from the Manin triple (p, p+, p−))
restricted to k+ which is a map from k+ to k+ ⊗ k+ +m+ ⊗m+.
An example of an invariant Manin triple twist is given in section 4.2.2.
2.2.2. Anti-invariant Manin triple twist. Let φ be an anti-invariant Manin triple twist. Because of the
anti-invariance, we get, instead of (2.4),
(2.5) 〈k+, k−〉p = 0 and 〈m+,m−〉p = 0 .
It follows that k+ ≃ m
∗
− and m+ ≃ k
∗
− as vector spaces. Since [m−,m−] ⊂ k−, m
− is not a Lie algebra and
we cannot deduce a Lie bi-algebra structure for k+. However, we can define a new type of structure.
Definition 2.2. Let φ be an anti-invariant Manin triple twist for (p, p+, p−) which leads to the symmetric
space decomposition (2.2). The linear map τ : k+ → m+ ⊗ k+ is a left Lie bi-ideal structure for the couple
(k+,m+) if it is the dual of the following action of k− on m−
τ∗ : k− ⊗m− → m−(2.6)
a⊗ y 7→ [a, y]p− .
This definition makes sense since the map τ∗ is well-defined knowing that [k−,m−]p− ⊂ m−. We can
define similarly a right Lie bi-ideal structure by the linear map τ ′ : k+ → k+ ⊗ m+ dual of the action
m− ⊗ k− → m−, y ⊗ a 7→ [y, a]p− . This new structure we have introduced here is the main ingredient of this
article. We give various examples of it in sections 4.1.2, 4.1.3, 4.2.3 and 4.2.4.
Remark 2.2. Let us emphasize that the bi-ideal structures we have just introduced are closely related to the
notion of coisotropic subalgebras [Lu, Ci]. Indeed, the subalgebra k+ with the map τ + τ
′ is, by definition, a
coisotropic subalgebra. Therefore, our construction provides a practical method to get some explicit examples
of them. It would be interesting to link our method with the previous ones (see, for example, [Za] and [Oh]
for their deformation).
3. Deformation
In this section, we recall briefly the theory of the deformations for the enveloping algebras in order to
get the quantized universal enveloping algebras (QUEA). We recall, in particular, the link between the Hopf
structure of the QUEA and the Lie bi-algebra structure. Then, we generalize this theory to be able to deform
the Lie bi-ideal structure. We show that, instead of Hopf algebra, we get coideal algebra.
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3.1. Quantized universal enveloping algebras. In this section, we give a brief summary of the theory
of the deformation based on the review [CP]. Let (g, δ) be a Lie bi-algebra. Its universal enveloping algebra
U(g) may be equipped with a coproduct defined by ∆(x) = x ⊗ 1 + 1 ⊗ x for x ∈ g (the action of ∆ is
extended to U(g) as an algebra homomorphism). This coproduct allows one to extend the action of δ to
U(g) by
(3.1) δ(a1a2) = δ(a1)∆(a2) + ∆(a1)δ(a2) .
This extension makes (U(g),∆, δ) into a co-Poisson-Hopf structure.
By definition, the deformation of the Lie bi-algebra (g, δ) is the Hopf1 deformation (U~(g),∆~) of its
universal enveloping algebra (U(g),∆, δ) such that
(3.2) δ(x) =
∆~(a)−∆
op
~
(a)
~
(mod ~)
where x ∈ U(g), a ∈ U~(g) such that x = a (mod ~), ∆
op
~
= σ ◦∆~ and σ flips both spaces.
The practical procedure, used in the following, to deform a Lie bi-algebra structure consists in getting
the simplest coproduct satisfying (3.2) then to deform commutation relations such that this coproduct is
a homomorphism. In sections 4.1.1 and 4.2.1, we give two well-known examples: the quantum universal
enveloping algebra of the loop algebra based on sl2 and the Yangian of sl2.
3.2. Coideal subalgebra. In this subsection, using the notations of section 2, we define the deformation
of the universal enveloping algebra U(k+) with the left Lie bi-ideal structure τ . Evidently, we cannot get
a Hopf algebra but we obtain a coideal subalgebra. Before going further, we give the definition of the left
coideal subalgebra used in this paper. A subalgebra B of a Hopf algebra (A,∆) is a left coideal subalgebra
(B,T) if T is an algebra homomorphism from B to A ⊗ B, called coaction, with the coideal coassociativity
property:
(3.3) (∆⊗ 1) ◦ T = (1⊗ T) ◦ T .
We may define also a right coideal subalgebra.
As for Lie bi-algebra, we can equip the universal enveloping algebra U(k+) with a coproduct, ∆(x) =
x⊗ 1 + 1⊗ x for x ∈ k+ which allows us to extend the action of τ to U(k+) by
(3.4) τ(a1a2) = τ(a1)∆(a2) + ∆(a1)τ(a2) ,
for a1, a2 ∈ k+.
Remark 3.1. When we consider the universal enveloping algebra U(k+), the left bi-ideal structure τ maps
U(k+) to U(p+)⊗ U(k+) and not to U(m+)⊗ U(k+) in comparison with τ : k+ → m+ ⊗ k+.
This extension does not make (U(k+),∆, τ) into a co-Poisson-Hopf structure since τ : U(k+) → U(p+) ⊗
U(k+). Nevertheless, the triple (U(k+),∆, τ) shares properties with the co-Poisson-Hopf structure. But, even
though we think it is an interesting problem, it is not in the scope of this article to give these properties.
We are now in a position to define the deformation for U(k+).
Definition 3.1. Let (p+, δ) be the Lie bi-algebra defined in section 2.1 and (k+, τ) be the Lie bi-ideal as in
the definition 2.2. A deformation of (p+, k+, δ, τ,∆) is (U~(p+),U~(k+),∆~,T~) such that
(i) the Hopf algebra (U~(p+),∆~) is a deformation of the Lie bi-algebra (p+, δ);
(ii) the algebra U~(k+) is a deformation of the algebra U(k+);
(iii) (U~(k+),T~) is a left coideal subalgebra of (U~(p+),∆~);
(iv) T~(a) = ∆(x) + ~τ(x) (mod ~
2) where x ∈ U(k+), a ∈ U~(k+) such that x = a mod (~).
1To be concise, we do not mention the counit and the antipode but they can be introduced easily.
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We can give a similar definition with τ ′, the right bi-ideal structure: we get a right coideal instead of a
left one. It would be interesting to study the existence and the uniqueness of this type of deformations for
any bi-ideal structures but it is already a complicated problem for the Lie bi-algebra structure. Therefore,
instead of giving a general proof, we provide in section 4 different examples where such deformations exist.
4. Examples of Manin triple twists and their deformation
To illustrate the previous theoretical construction, we consider two different well-known examples of Manin
triples: one related to the loop algebra of sl2, denoted L, and another related to the half-loop algebra of sl2,
denoted L+. From these Manin triples, we obtain the Lie bi-algebra structures for L and L+ and we deform
these algebras, following [Dr, CP]. For each of these Manin triples, we find different Manin triple twists,
construct the corresponding Lie bi-ideal structure and compute their deformation. These twists provide
examples for the invariant Manin triple twist introduced in 2.2.1 and for the anti-invariant Manin triple
twist introduced in 2.2.2.
We give for each case the defining relations in the “Cartan type presentation”, in which it is easier to
define the Manin triple (and the twist). Then, we obtain the Lie bi-algebra or the Lie bi-ideal structures.
Finally, for simplicity, the deformation is given in the “Serre type presentation”. The deformation in the
“Cartan type presentation” is known for the Lie bi-algebras L and L+ (see e.g. [Dr]). The Lie bi-ideal case
will be considered elsewhere.
4.1. Deformation of the loop algebra L and its twists. In this subsection, we deal with the loop
algebra L and its deformation: the quantum algebra U~(L). Then, we consider two different twists of
L. The first one leads to the Onsager algebra O [Ons] and its deformation the q-Onsager algebra O~
[B1, B2, IT1, IT2] whereas the second one leads to the augmented Onsager algebra O and its deformation
the augmented q-Onsager algebra O~ [IT3].
4.1.1. Quantum algebra U~(L). Here, for completeness, we recall the deformation of L to get U~(L). The
loop algebra of sl2, L, is the Lie algebra generated by {en, fn, hn|n ∈ Z} subject only to
[hn, em] = 2en+m , [hn, fm] = −2fn+m , [en, fm] = hn+m(4.1)
and [hn, hm] = [en, em] = [fn, fm] = 0 ,
for n,m ∈ Z. We use the inner product on L defined by
(4.2) 〈en, f−n〉L = −1 and 〈hn, h−n〉L = −2
and vanishing otherwise.
Although the Lie bi-algebra structure for the loop algebra is well-known, we recall the main steps of its
derivation from the Manin triple (see e.g. [CP] chapter 1.3). We introduce D = L⊕L (as Lie algebras) and
both subalgebras
D+ = {(x, x)|x ∈ L}(4.3)
D− = {(en, 0), (fm, 0), (0, f−n), (0, e−m), (hn, 0), (0, h−n), (h0,−h0)|n > 0,m ≥ 0} .(4.4)
Then, (D,D+,D−) is a Manin triple with the inner product
(4.5) 〈(x, y), (x′, y′)〉D = 〈x, x
′〉L − 〈y, y
′〉L .
The subalgebra D+ is isomorphic to L. Then, the Lie bi-algebra structure on D+, i.e. the cocommutator
δ : D+ → D+ ⊗ D+, dual of the commutator on the Lie algebra D− can be explicitly computed from the
relation
〈δ
(
(x, x)
)
, (x′, y′)⊗ (x′′, y′′)〉D = 〈(x, x), [(x
′, y′), (x′′, y′′)]〉D(4.6)
6 S. BELLIARD AND N. CRAMPE´
for any (x, x) ∈ D+ and (x′, y′), (x′′, y′′) ∈ D−. As an example, we consider the case (x, x) = (h0, h0).
The non-vanishing term is given by [(x′, y′), (x′′, y′′)] = (h0,−h0). This element cannot be obtained from
commutation relations in D−. It follows that δ
(
(h0, h0)
)
= 0. With the same method, we obtain
δ(h0) = 0 , δ(e0) =
1
2
h0 ∧ e0 , δ(f0) =
1
2
h0 ∧ f0 , δ(e1) = −
1
2
h0 ∧ e1 , δ(f−1) = −
1
2
h0 ∧ f−1.(4.7)
To write the previous relations, we have used the isomorphism D+ → L given by (x, x) 7→ x and the wedge
product x ∧ y = x⊗ y − y ⊗ x. Naturally, they satisfy cocycle condition (2.1).
The knowledge of the cocommutator allows one to deform U(L), as explained in section 3.1. To simplify
the computation of the deformation, we use the “Serre-Chevalley presentation” of this algebra. It is given
by the generators {X±i , Hi | i = 0, 1} and the defining relations
[Hi, X
±
j ] = ±aijX
±
j , [X
+
i , X
−
j ] = δi,jHi , [X
±
i , [X
±
i , [X
±
i , X
±
i±1]]] = 0 , H0 +H1 = 0 ,(4.8)
with A = {aij} the symmetric extended Cartan matrix of L explicitly given by aii = 2 and aij = −2 for
i 6= j. The map from the second to the first formulation of L is given by
H1 7→ h0 , H0 7→ −h0 , X
+
1 7→ e0 , X
+
0 7→ f−1 , X
−
1 7→ f0 , X
−
0 7→ e1 .(4.9)
Then, the Lie bi-algebra structure, in this presentation, is given by2
δ(X±i ) =
1
2
Hi ∧X
±
i , δ(Hi) = 0.(4.10)
The deformation of this algebra U(L) from the previous cocommutator is considered in details in [CP].
One obtains the quantum algebra U~(L) with the coproduct given by
∆~(Hi) = Hi ⊗ 1 + 1⊗Hi, ∆~(X
±
i ) = X
±
i ⊗ e
− ~4 Hi + e
~
4 Hi ⊗X±i ,(4.11)
and the defining commutation relations
[Hi,X
±
j ] = ±aijX
±
j , [X
+
i ,X
−
j ] = δi,j
e
~
2 Hi − e−
~
2Hi
e
~
2 − e−
~
2
,(4.12)
[X±i , [X
±
i , [X
±
i ,X
±
i±1](~)](−~)] = 0,(4.13)
H1 +H0 = 0,(4.14)
with [x, y](~) = xy − e
~yx. The bold symbols correspond to the deformations of the non-bold ones.
4.1.2. q-Onsager algebra O~. We consider now the subalgebra of the loop algebra L invariant under the
automorphism η1 : L → L defined by
(4.15) η1(en) = f−n , η1(fn) = e−n and η1(hn) = −h−n.
This subalgebra is generated by {Ai, Gi} with
Ai = 2(ei + f−i) and Gi = hi − h−i.(4.16)
It is easy to check that they satisfy the relations
[Ai, Aj ] = 4Gi−j , [Ai, Gj ] = 2(Ai+j −Ai−j), [Gi, Gj ] = 0, Gi = −G−i ,(4.17)
which are the ones defining the Onsager algebra O [Ons] (see also [Dav1, DaRo] for more details about the
relation between L and O).
2The difference with the standard Lie bi-algebra structure is due to a factor − 1
2
in the inner product (4.2).
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To calculate the left bi-ideal structure for the Onsager algebra O, we need to extend the automorphism
η1 to D = L⊕ L with the following map
φ1 : D → D(4.18)
(x, y) 7→ (η1(y), η1(x)).
By direct computation, we show that φ1 is an anti-invariant Manin triple twist for the Manin triple
(D,D+,D−) defined by (4.3), (4.4) and (4.5). This twist implies the following symmetric space decom-
positions
D+ = K+ ⊕M+ with K+ = {(ei + f−i, ei + f−i), (hj − h−j , hj − h−j) | i ∈ Z, j > 0},(4.19)
M+ = {(ei − f−i, ei − f−i), (hk + h−k, hk + h−k) | i ∈ Z, k ≥ 0},
D− = K− ⊕M− with K− = {(ei, f−i), (fj , e−j), (hj ,−h−j) | i > 0, j ≥ 0},(4.20)
M− = {(ei,−f−i), (hi, h−i), (fj ,−e−j) | i > 0, j ≥ 0} .
We recover that 〈K+,K−〉D = 〈M
+,M−〉D = 0 proven, in general, in section 2.2.2.
We remark that the +1-eigenspace K+ of D+ is isomorphic to the Onsager algebra, with (x, x) 7→ x.
Then, we calculate the left Lie bi-ideal structure for it, following section 2.2.2. This structure, i.e. τ : K+ →
M+ ⊗K+, dual of the commutator [ , ] : K− ⊗M− →M−, can be explicitly computed from
〈τ
(
(x, x)
)
, (x′, y′)⊗ (x′′, y′′)〉D = 〈(x, x), [(x
′, y′), (x′′, y′′)]〉D(4.21)
with (x, x) ∈ K+, (x′, y′) ∈ K− and (x′′, y′′) ∈ M−. After straightforward calculations, we obtain the left
Lie bi-ideal structure for the Onsager algebra. The important values are
τ(A1) = −
1
2
h0 ⊗A1, τ(A0) =
1
2
h0 ⊗A0(4.22)
where we have used the map (x, x) 7→ x and relations (4.16).
Similarly to the case of L, to simplify the deformation procedure, we use another presentation of the
algebra O, called the Dolan-Grady algebra [DG]. This presentation is given in terms of {A,A∗} subject to
the Dolan-Grady relations
(4.23) [A, [A, [A,A∗]]] = 16[A,A∗] , [A∗, [A∗, [A∗, A]]] = 16[A∗, A] .
The map with the first presentation is given by [Dav2, DaRo]
A∗ 7→ A0 and A 7→ A1.(4.24)
Let us notice that, from relations (4.9) and (4.16), we can identify A with 2(X+0 + X
−
0 ) and A
∗ with
2(X+1 + X
−
1 ). From relation (4.22) and using also the map (4.9), the left Lie bi-ideal structure, in this
presentation, is given by
τ(A) =
1
2
H0 ⊗A , τ(A
∗) =
1
2
H1 ⊗A
∗.(4.25)
From this Lie bi-ideal structure and section 3, it is natural to look for the left coaction T~ : O~ →
U~(L)⊗O~ in the form
T~(A) = A˜⊗ 1 + f(H0)⊗A(4.26)
with A˜ = 2(X+0 +X
−
0 ) +O(~) and f(x) = 1 +
~
2
x+O(~2).(4.27)
Then, using the coideal coassociativity (3.3), we obtain that
∆~(A˜) = A˜⊗ 1 + f(H0)⊗ A˜(4.28)
∆~(f(H0)) = f(H0)⊗ f(H0) .(4.29)
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The last equation means that f(H0) is group-like. Then, together with the expansion of f(x) (4.27), it
implies that f(x) = e
~
2 x (see [CP] chapter 6.4). Finally, using (4.27), (4.28) and the coproduct of U~(L)
(4.11), we get A˜ = ρ~(X
+
0 + X
−
0 )e
~
4 H0 with ρ~ = 2 + O(~). We choose ρ~ = [2]~ =
e~−e−~
e
~
2 −e−
~
2
. Similar
computations for A∗ can be done and finally we obtain the coaction
T~(A) = [2]~(X
+
0 +X
−
0 )e
~
4 H0 ⊗ 1 + e
~
2 H0 ⊗A ,(4.30)
T~(A
∗) = [2]~(X
+
1 +X
−
1 )e
~
4 H1 ⊗ 1 + e
~
2 H1 ⊗A∗ .(4.31)
To require that this coaction is an homomorphism of algebra implies the following deformation for the
Dolan-Grady relations [B2]
[A, [A, [A,A∗](~)](−~)] = ([2]~)
4 [A,A∗](4.32)
[A∗, [A∗, [A∗,A](~)](−~)] = ([2]~)
4 [A∗,A],(4.33)
with [x, y](~) = xy−e
~yx. These relations have been previously introduced in [IT1, IT2, B1] and the algebra
generated by these relations is called q-Onsager algebra.
Note that the generators A˜ = ρ~(X
+
0 +X
−
0 )e
~
4 H0 and A = ρ~(X
+
1 +X
−
1 )e
~
4 H1 already appear in [DM] and
correspond to conserved non-local charges of the quantum affine Toda field theory on the half-line related
to Uq(ŝl2).
4.1.3. Augmented q-Onsager algebra O~. We consider the subalgebra of L invariant under the automorphism
η2 : L → L defined by
(4.34) η2(en) = e−n+1 , η2(fn) = f−n−1 and η2(hn) = h−n.
This subalgebra is generated by {Bi, B¯i,Ki} with
Bi = ei + e−i+1, B¯i = fi + f−i−1 and Ki = hi + h−i.(4.35)
It easy to check that they satisfy the relations
[Bi, Bj] = [B¯i, B¯j ] = [Ki,Kj] = 0, Bi = B−i+1, B¯i = B¯−i−1, Ki = K−i(4.36)
[Bi, B¯j] = (Ki+j +K−i+j+1), [Ki, B¯j ] = −2(B¯i+j + B¯−i+j), [Ki, Bj ] = 2(Bi+j +B−i+j).(4.37)
We call this subalgebra the augmented Onsager algebra O as to reference to the q-deformed case introduced
in [IT3]; see below.
As for the Onsager case, we introduce a twist for the Manin triple (D,D+,D−) defined by (4.3) and (4.4).
For that, we extend the automorphism η2 to the following map
φ2 : D → D(4.38)
(x, y) 7→ (η2(y), η2(x)).
We show that it is an anti-invariant Manin triple twist for (D,D+,D−). In this case, the symmetric space
decompositions D+ = K+ ⊕M+ and D− = K− ⊕M− are given by
K+ = {(ei + e−i+1, ei + e−i+1), (fj + f−j−1, fj + f−j−1), (hj + h−j , hj + h−j)}(4.39)
M+ = {(ei − e−i+1, ei − e−i+1), (fj − f−j−1, fj − f−j−1), (hi − h−i, hi − h−i)}(4.40)
K− = {(fj, f−j−1), (ei, e−i+1), (hi, h−i)}(4.41)
M− = {(fj,−f−j−1), (ei,−e−i+1), (hj ,−h−j)}(4.42)
with i > 0 and j ≥ 0. The +1-eigenspace of D+ is isomorphic to the augmented Onsager algebra. Using
the same procedure as for the Onsager case, we can obtain the left Lie bi-ideal structure of the augmented
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Onsager algebra. The important values are
τ(B1) =
1
4
(e1 − e0)⊗K0 , τ(B¯0) = −
1
4
(f0 − f−1)⊗K0 and τ(K0) = 0,(4.43)
where we have used the map (x, x) 7→ x.
To simplify the quantification, we used another presentation of this subalgebra generated by B,B∗,K
satisfying the relations
[B, [B, [B,B∗]]] = 0, [B∗, [B∗, [B∗, B]]] = 0, [K,B∗] = −4B∗, [K,B] = 4B.(4.44)
The map with the first presentation is given by
B 7→ B1 , B
∗ 7→ B¯0 , and K 7→ K0 .(4.45)
The left Lie bi-ideal structure in this presentation is given by (using also (4.9))
τ(B) =
1
4
(X−0 −X
+
1 )⊗K, τ(B
∗) = −
1
4
(X−1 −X
+
0 )⊗K and τ(K) = 0.(4.46)
From this left Lie bi-ideal structure, we show that the left coaction of O~ can be chosen as
T~(K) = (H1 −H0)⊗ 1 + 1⊗K,(4.47)
T~(B) = X
+
1 e
~
4H0 ⊗ e−
~
4 K +X−0 e
~
4 H1 ⊗ e
~
4K + 1⊗B,(4.48)
T~(B
∗) = X−1 e
~
4 H0 ⊗ e−
~
4 K +X+0 e
~
4 H1 ⊗ e
~
4 K + 1⊗B∗.(4.49)
To require that this coaction is an homomorphism of algebra implies the following deformation of (4.44)
[B, [B, [B,B∗](~)](−~)] = −ρ~B(e
~
2 K − e−
~
2 K)B,(4.50)
[B∗, [B∗, [B∗,B](~)](−~)] = ρ~B
∗(e
~
2 K − e−
~
2 K)B∗,(4.51)
[K,B∗] = −4B∗, [K,B] = 4B,(4.52)
with [x, y](~) = xy−e
~yx and ρ~ = (e
~−e−~)(e~+e−~+1). These relations have been previously introduced
in [IT2] and the corresponding algebra is called augmented q-Onsager algebra.
4.2. Deformation of the half-loop algebra L+ and its twists. In this subsection, we deal with the
half-loop algebra L+ and its deformation: the Yangian Y~(sl2). Then, we give an example of invariant Manin
triple twist leading to an Hopf algebra and two different coideal subalgebras. Since the construction of the
Manin triple twists and their quantification are similar to the previous section, we do not give all the details.
4.2.1. Yangian Y~(sl2). Here, for completeness, we recall the deformation of the half-loop algebra L
+ to get
the Yangian Y~(sl2)
3. The half-loop algebra L+ is the Lie algebra, with unit, generated by {en, fn, hn|n ∈ N}
subject only to
[hn, em] = 2en+m , [hn, fm] = −2fn+m , [en, fm] = hn+m
and [hn, hm] = [en, em] = [fn, fm] = 0 ,(4.53)
for n,m ∈ N. The half-loop algebra L+ may be seen as the subalgebra of L defined in section 4.1.1. The Lie
bi-algebra structure for the half-loop algebra is well-known [Dr] however we recall briefly its construction
from a Manin triple. If L− denotes the subalgebra of L with the elements {en, fn, hn|n < 0}, one can show
that (L,L+,L−) is a Manin triple with the inner product 〈〈 , 〉〉L defined by
(4.54) 〈〈en, f−n−1〉〉L = −1 and 〈〈hn, h−n−1〉〉L = −2
3The algebra called Yangian is in fact Y1(sl2) but it is well-known that Y~(sl2) ≃ Y~′(sl2) for ~, ~
′ 6= 0. So, by abuse, we
call Yangian any Y~(sl2) for ~ 6= 0.
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and equals 0 otherwise. Let us emphasize that this inner product for L is different from the one (4.2) used to
construct U~(L). Using this Manin triple and following section 2.1, one can obtain a Lie bi-algebra structure
for L+. The cocommutator for the first modes are given explicitly by
δ(x0) = 0 , δ(e1) = h0 ∧ e0 , δ(f1) = f0 ∧ h0 and δ(h1) = 2e0 ∧ f0 ,(4.55)
for x0 ∈ {e0, f0, h0}.
As in the previous cases, it is more convenient to deal with the “Serre-Chevalley presentation” when
we want to deform an algebra. It is known that L+ may be generated only with {e, f, h, J(e), J(f), J(h)}
subject to relations
[e, f ] = h , [h, f ] = −2f , [h, e] = 2e(4.56)
J([x, y]) = [x, J(y)] , J(ax+ by) = aJ(x) + bJ(y)(4.57)
and the following Serre type relation
(4.58) [[J(e), J(f)], J(h)] = 0 .
In this presentation, the whole set of elements are obtained as imbricated commutators. The map between
both presentations is given by
e 7→ e0, f 7→ f0, h 7→ h0, J(e) 7→ e1, J(f) 7→ f1, J(h) 7→ h1.(4.59)
The Lie bi-algebra structure in the “Serre-Chevalley presentation” is easily deduced from the previous map
and from relations (4.55) and can be written compactly as follows
δ(x) = 0 , δ(J(x)) = [x⊗ 1, t],(4.60)
where x ∈ {e, f, h} and t = e⊗ f + f ⊗ e+ 12h⊗ h.
We can now consider the deformation of the Lie bi-algebra (L+, δ) to get the Yangian of sl2 [Dr]. The
easiest way to get a Hopf structure satisfying relation (3.2) with the Lie bi-algebra structure given by (4.60)
is to define the coproduct of Y~(sl2) as follows
∆~ : x 7→ x⊗ 1 + 1⊗ x(4.61)
J(x) 7→ J(x)⊗ 1 + 1⊗ J(x) +
~
2
[x⊗ 1, t]
In order to make ∆~ a homomorphism, we must deform the commutation relations. It follows that Y~(sl2) is
the associative unital algebra with six generators e, f, h,J(e),J(f),J(h) and the following defining relations
[e, f ] = h , [h, e] = 2e , [h, f ] = −2f,(4.62)
[x,J(y)] = J([x, y]) , J(ax+ by) = aJ(x) + bJ(y),(4.63)
where x, y ∈ {e, f, h}, a, b ∈ C, and[
[J(e),J(f)],J(h)
]
= ~2
(
J(e)f − eJ(f)
)
h.(4.64)
This last commutation relation is known as the “terrific relation” [Dr] (see also [Mo]).
4.2.2. Positive Borel of U~(A
(2)
1 ). We consider now the subalgebra T1 of the half-loop algebra L
+ invariant
under the automorphism ϕ1 : L
+ → L+ defined by
(4.65) ϕ1(en) = (−1)
n+1en , ϕ1(fn) = (−1)
n+1fn and ϕ1(hn) = (−1)
nhn.
This subalgebra T1 is generated by {h2n, e2n+1, f2n+1|n ≥ 0} with the commutation relations (4.53) restricted
to these generators. We extend the definition of ϕ1 to L by considering (4.65) valid for n ∈ Z.
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We want now to compute a Lie bi-algebra structure for T1 using an invariant Manin triple twist. To
obtain that, we need to define the following Lie algebra A = L ⊕ h (direct sum of Lie algebras) where h is
the abelian Lie algebra generated by {h0}. We introduce the following subalgebras of A
A+ = {(h0, h0), (en, 0), (hm, 0), (fm, 0)|n ≥ 0,m > 0}(4.66)
A− = {(h0,−h0), (en, 0), (hn, 0), (fm, 0)|n < 0,m ≤ 0} .(4.67)
Then, (A,A+,A−) is a Manin triple with the inner product
(4.68) 〈(x, h), (x′, h′)〉A = 〈x, x
′〉L − 〈h, h
′〉L .
with 〈 , 〉L defined in (4.2). Then, we can show that the map
φA : A → A(4.69)
(x, h) 7→ (ϕ1(x), ϕ1(h))
is an invariant Manin triple twist for (A,A+,A−). From this map, we get a symmetric space decomposition
for A,A+ and A− where the +1-eigenspace of A+ is isomorphic to T1. Explicitly the isomorphism A
+ → T1
is given by (h0, h0) 7→ h0, (e1, 0) 7→ e1 and (f1, 0) 7→ f1. As explained, in the section 2.2.1, an invariant
Manin triple twist provides a cocommutator for the +1-eigenspace. In this case, this construction gives the
following cocommutator for T1
(4.70) δ(h0) = 0 , δ(e1) =
1
2
(h0 ⊗ e1 − e1 ⊗ h0) , δ(f1) =
1
2
(f1 ⊗ h0 − h0 ⊗ f1) .
We give only the values of the cocommutator for h0, e1 and f1 since we need only these elements in the
following.
To study the deformation of this Lie bi-algebra T1, we introduce, as for the previous examples, the “Serre-
Chevalley presentation” for T1. The Lie algebra T1 can be equivalently defined only with {H,E, F} subject
to
[H,E] = 2E , [H,F ] = −2F(4.71)
[E, [E, [E,F ]]] = 0 , [F, [F, [F,E]]] = 0 .(4.72)
Let us emphasize that the previous terrific relations for T1 are on the level 4 in comparison to the one for
L+ (4.58) which is on the level 3. For the half-loop algebra based on the other Lie algebras as sln (n > 2),
son or spn, the terrific relations are on the level 2. The map between both presentations is given by
H 7→ h0 , E 7→ e1 and F 7→ f1 .(4.73)
We denote by H, E and F the deformed generators corresponding to H , E, F in T1. Following the lines
of the standard deformation of the Lie algebra sl2 (see chapter 6.4.A in [CP]), we may choose the following
coproduct
∆~(H) = H⊗ 1 + 1⊗H,(4.74)
∆~(E) = E⊗ e
~H/2 + 1⊗E,(4.75)
∆~(F) = F⊗ 1 + e
~H/2 ⊗ F.(4.76)
It is easy to verify that this coproduct satisfies relation (3.2) with the Lie bi-algebra structure defined by
(4.70) and induces the following commutation relations, deformations of relations (4.71) and (4.72)
[H,E] = 2E , [H,F] = −2F ,(4.77)
[E, [E, [E,F]](−~)](−2~) = 0 , [F, [F, [F,E]](−~)](−2~) = 0.(4.78)
with [x, y](~) = xy − e
~yx.
12 S. BELLIARD AND N. CRAMPE´
To identify this Hopf algebra, let us recall that the twisted quantum affine groups U~(A
(2)
n ) are well-studied
Hopf algebras [J2] and their positive modes defined a subalgebra, called quantum positive Borel. Usually,
one restricts the study of these algebras to the cases n ≥ 2 since one needs exterior automorphisms of An:
the twist by an inner automorphism provides an algebra which is isomorphic to the one we start with (see
e.g. [GO]). However, this last statement is true only for the whole loop algebra and is no longer valid for
the half-loop algebra. Therefore, by extension, we called the Hopf algebra we obtained the positive Borel of
U~(A
(2)
1 ).
4.2.3. Coideal subalgebra Y+
~
(sl2) of the Yangian Y~(sl2). In this subsection, we use again the subalgebra
T1 introduced in section 4.2.2 but this time we associate to it a Lie bi-ideal structure. To do that, we use
the Manin triple (L,L+,L−) with the inner product 〈〈 , 〉〉L (introduced in section 4.2.1) and we show that
the map ϕ1, defined by (4.65) (for n ∈ Z), is an anti-invariant Manin triple twist. Then, remarking that the
+1-eigenspace of L+ is isomorphic to T1, we can deduce a left bi-ideal structure for T1. For example, we get
(4.79) τ(h0) = 0 , τ(e1) = −e0 ⊗ h0 , τ(f1) = f0 ⊗ h0 .
Remark 4.1. Let us emphasize that, although the algebras introduced in this example and in section 4.2.2
are isomorphic, the additional structures associated are completely different. Indeed, for the former, we
introduce the left Lie bi-ideal structure (4.79) whereas, for the latter, we associate a Lie bi-algebra structure
(4.70). The difference in these structures leads to nonequivalent deformations.
To study the coideal subalgebra Y+
~
(sl2) of the Yangian Y~(sl2), deformation of the algebra T1 with
(4.79), we use the “Serre-Chevalley presentation” for T1 given by (4.71) and (4.72). We denote by H, E, F
the deformed generators in Y+
~
(sl2) corresponding, respectively, to the generators H , E, F in T1. By the
deformation procedure, we obtain the following left coaction
T~(H) = h⊗ 1 + 1⊗H(4.80)
T~(E) =
(
J(e)− ~
h e
2
)
⊗ 1 + 1⊗E− ~ e⊗H(4.81)
T~(F) =
(
J(f) + ~
h f
2
)
⊗ 1 + 1⊗ F+ ~ f ⊗H(4.82)
and the following defining relations
[H,E] = 2E, [H,F] = −2F,(4.83) [
E,
[
E, [E,F]
]]
= −12 ~2 EHE,
[
F,
[
F, [F,E]
]]
= 12 ~2 FHF(4.84)
The embedding Ψ~ : Y
+
~
(sl2)→ Y~(sl2) is given by Ψ~(H) = h, Ψ~(E) = J(e)−~
he
2 and Ψ~(F) = J(f)+~
hf
2 .
This coideal algebra Y+
~
(sl2) is isomorphic to the orthogonal twisted Yangian R
+
~
(sl2) studied previously
in [Ols] where it has been defined via the so-called FRT presentation using the reflection equation. A detailed
proof of this isomorphism is not explicitly given. The proof is based on two principal steps. First, one proves
that Y+
~
(sl2) is embedded in R
+
~
(sl2) by identifying elements of R
+
~
(sl2) satisfying the defining relations
(4.83) and (4.84) of Y+
~
(sl2). Second, by remarking that both algebras have a filtration, one can prove that
both associated graded algebras are isomorphic (they are isomorphic to T1). These are sufficient to prove the
isomorphism between Y+
~
(sl2) and R
+
~
(sl2). A similar proof has been used in [GX] for the twisted Yangians
associated to sln (n ≥ 3).
To our knowledge, this presentation of the twisted Yangian Y+
~
(sl2) is new. In fact, it was known that
the three generators {h, J(e) − ~he2 , J(f) + ~
hf
2 } are the non-local charges of the Principal Chiral model
on the half-line [DMS] and define a coideal subalgebra of Y(sl2) but the terrific relations (4.84) were not
known. Finally, let us recall that this coideal subalgebra is also isomorphic to the reflection algebra B(2, 1)
[MR].
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4.2.4. Coideal subalgebra Y−
~
(sl2) of the Yangian Y~(sl2). We consider now the subalgebra T2 of the half-
loop algebra L+ invariant under the automorphism ϕ2 : L
+ → L+ defined by
(4.85) ϕ2(en) = (−1)
nen , ϕ2(fn) = (−1)
nfn and ϕ2(hn) = (−1)
nhn.
This subalgebra T2 is generated by {h2n, e2n, f2n|n ≥ 0} and is isomorphic, as Lie algebras, to L
+. We
extend the definition of ϕ2 to L by considering (4.85) valid for n ∈ Z.
The map ϕ2 is an anti-invariant Manin triple twist for (L,L
+,L−) with the inner product 〈〈 , 〉〉L. We
can show that, in this case, the +1-eigenspace of L+ is T2 and deduce a left Lie bi-ideal structure for T2.
For example, we get, for x0 ∈ {e0, f0, h0},
(4.86) τ(x0) = 0 , τ(h2) = 2(e1 ⊗ f0 − f1 ⊗ e0) , τ(e2) = h1 ⊗ e0 − e1 ⊗ h0 , τ(f2) = f1 ⊗ h0 − h1 ⊗ f0 .
Remark 4.2. This Lie bi-ideal structure (4.86) is different from the Lie bi-algebra structure defined by
(4.55) although the associated algebras in both cases are isomorphic.
To study the coideal subalgebra Y−
~
(sl2) of the Yangian Y~(sl2), the deformation of the algebra T2 with
the structure studied previously, we use as usual the “Serre-Chevalley presentation” for T2. As noticed
previously, T2 is isomorphic to L
+. Then T2 may be generated only with {e, f, h,K(e),K(f),K(h)} subject
to relations
[e, f ] = h , [h, f ] = −2f , [h, e] = 2e ,(4.87)
K([x, y]) = [x,K(y)] , K(ax+ by) = aK(x) + bK(y)(4.88)
and the following Serre type relation
(4.89) [[K(e),K(f)],K(h)] = 0 .
The map between both presentations is given by
e 7→ e0, f 7→ f0, h 7→ h0, K(e) 7→ e2, K(f) 7→ f2, K(h) 7→ h2.(4.90)
and the left Lie bi-ideal structure if given by
τ(x) = 0 and τ(K(x)) = [J(x) ⊗ 1, t].(4.91)
We denote by e, f , h, K(e), K(f) and K(h) the deformed generators in Y−
~
(sl2). We follow the same
procedure to deform T2 than for the previous examples but, in this case, the results are more complicated since
there exist non-vanishing terms in ~2. We get the following left coaction T~ : Y
−
~
(sl2)→ Y~(sl2)⊗ Y
−
~
(sl2)
defined by, for x ∈ {e, f, h},
T~(x) = x⊗ 1 + 1⊗ x,(4.92)
T~(K(h)) = Ψ~(K(h)) ⊗ 1 + 1⊗K(h) + ~ [J(h)⊗ 1, t] +
~2
4
(
[t, [t, h⊗ 1]] + [[t, e⊗ 1], [t, f ⊗ 1]]
)
,
T~(K(e)) = Ψ~(K(e))⊗ 1 + 1⊗K(e) + ~ [J(e)⊗ 1, t] +
~2
4
(
[t, [t, e⊗ 1]] +
1
2
[[t, h⊗ 1], [t, e⊗ 1]]
)
,
T~(K(e)) = Ψ~(K(e))⊗ 1 + 1⊗K(f) + ~ [J(f)⊗ 1, t] +
~2
4
(
[t, [t, f ⊗ 1]] +
1
2
[[t, f ⊗ 1], [t, h⊗ 1]]
)
,
with t = e⊗ f + f ⊗ e+ 12h⊗ h and
Ψ~(K(h)) = [J(e),J(f)]−
~
4
[C,J(h)](4.93)
Ψ~(K(e)) =
1
2
[J(h),J(e)]−
~
4
[C,J(e)](4.94)
Ψ~(K(f)) =
1
2
[J(f),J(h)]−
~
4
[C,J(f)](4.95)
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Then, the defining commutation relations of Y−
~
(sl2) are given by
[h, e] = 2 e , [h, f ] = −2 f , [e, f ] = h(4.96)
K([x, y]) = [x,K(y)] , K(ax+ by) = aK(x) + bK(y)(4.97)
with the terrific relation[
K(h), [K(e),K(f)]
]
= ~2
(
{K(f), {K(h), e}} − {K(e), {K(h), f}}
)
+
~4
4
h [K(h), C](4.98)
with C = ef + fe+ 12h
2 and {x, y} = xy + yx.
This coideal subalgebra is isomorphic to the symplectic twisted Yangian discovered in [Ols] but also to
the reflection algebra B(2, 0) [MR]. The proof is similar to the one for Y+
~
(sl2) (see section 4.2.3).
5. Connection with Reflection algebra
In this section, we used the previous coideal algebras to construct, from intertwiner technique [J2, DMS,
DM], scalar K-matrices solutions of the reflection equation [Cher, Sk]. It allows us to show the connection
with known reflection algebras [MRS, MR] characterized by the choice of the scalar K-matrices.
5.1. Scalar K-matrices for O~ and O~. In this subsection, we construct scalar K-matrices for the coideal
subalgebras of U~(L): the q-Onsager algebra O~ (see section 4.1.2) and the augmented q-Onsager algebra
O~ (see section 4.1.3).
The intertwiner equation for the scalar K-matrices is given by [DM], for any element X of O~ (O~),
K(u)(πu ⊗ ǫ) ◦ T~(X) = (πu−1 ⊗ ǫ) ◦ T~(X)K(u)(5.1)
with πu a representation of the quantum algebra U~(L), depending on the spectral parameter u, and ǫ the
counit of O~ (O~). For O~, the counit is given by
ǫ(A) = a, ǫ(A∗) = a∗(5.2)
with a, a∗ two arbitrary parameters and for O~, we have
ǫ(B) = ǫ(B∗) = 0, ǫ(K) = c(5.3)
with c an arbitrary parameter.
For example, we consider the case where πu is the fundamental evaluation representation of the quantum
algebra U~(L) in the principal picture given by
πu(X
+
1 ) = αE21 , πu(X
−
1 ) = α
−1E12 , πu(H1) = E11 − E22 ,(5.4)
πu(X
+
0 ) = αuE12 , πu(X
−
0 ) = α
−1u−1E21 , πu(H0) = −E11 + E22,(5.5)
with Eij the two by two matrix with 1 in the entry (i, j) and 0 otherwise. The parameter α, entering in this
representation, will be fixed by the intertwiner equation. After straightforward computations, we show that
the solution K(u) of the intertwiner equation is given by, for the q-Onsager algebra O~
K(u) ∝
 a∗u+ a [2]~ (u−u−1)e ~2 −e− ~2
[2]~
(u−u−1)
e
~
2 −e−
~
2
a∗u−1 + a
(5.6)
with α = e
~
4 and by, for the augmented q-Onsager algebra O~,
K(u) ∝
(
u+ e
(2c−1)~
4 0
0 u−1 + e
(2c−1)~
4
)
(5.7)
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with α = e−
~
8 . Both solutions satisfy the reflection equation
R21(u/v)K1(u)R12(uv)K2(v) = K2(v)R21(uv)K1(u)R12(u/v)(5.8)
with R12(u) the trigonometric solution of the Yang Baxter equation [J1] given by
R12(u) =

1 0 0 0
0 e
~
2
1−u
1−e~u
1−e~
1−e~u
0
0 u 1−e
~
1−e~u e
~
2
1−u
1−e~u 0
0 0 0 1
 .(5.9)
Up to conjugation by an arbitrary invertible diagonal matrix and multiplication by a scalar (that leave
the reflection equation invariant) the solution (5.6), that also appears in [DM], corresponds to the one of
[GZ, dVGR].
The diagonal solution (5.7) may be obtained from multiplication of (5.6) by a scalar d and sending this
scalar to zero keeping da∗ = 1 and da = e
(2c−1)~
4 . Let us remark that this scaling limit is singular for the
counit of the Onsager algebra (see equation (5.2)). Therefore, to use the intertwiner relation to determine
the diagonal solution, we need the augmented q-Onsager algebra.
From another point of view, if one constructs reflection algebra using dressing procedure from a scalar
K-matrix (i.e. with monodromy matrix of U~(L) in the RLL presentation [FST]) [Sk, B1, B2, MRS], the
algebra obtained from the non-diagonal K-matrix (5.6) corresponds to the q-Onsager algebra and from the
diagonal K-matrix (5.7) corresponds to the augmented q-Onsager algebra.
5.2. Scalar K-matrices for Y±(sl2). In this subsection, we construct scalar K-matrices for the coideal
subalgebras of Y~(sl2): the twisted Yangians Y
+
~
(sl2) (see section 4.2.3) and Y
−
~
(sl2) (see section 4.2.4).
As previously, the intertwiner equation for the scalar K-matrices is given by [DM], for any element X of
Y+
~
(sl2) (Y
−
~
(sl2)),
K(u)(πu ⊗ ǫ) ◦ T~(X) = (π−u ⊗ ǫ) ◦ T~(X)K(u)(5.10)
with πu a representation of the quantum algebra Y~(sl2), depending on the spectral parameter u, and ǫ the
counit of Y+
~
(sl2) (Y
−
~
(sl2)). For Y
+(sl(2)), the counit is
ǫ(H) = c, ǫ(E) = ǫ(F) = 0(5.11)
and, for Y−(sl(2)), it is
ǫ(x) = ǫ(K(x)) = 0 for x ∈ {e, f, h}.(5.12)
For example, we consider the case where πu is the fundamental evaluation representation of the Yangian
Y~(sl(2)) given by
πu(e) = E21 , πu(f) = E12 , πu(h) = E11 − E22 and πu(J(x)) = (u+ α)πu(x)(5.13)
with α an arbitrary parameter. After straightforward computations, we show that the solution K(u) of the
intertwiner equation is given by, for Y+(sl(2))
K(u) ∝
(
1 + c~u 0
0 −1 + c~u
)
(5.14)
with α = 1 and by, for Y−(sl(2)),
K(u) ∝
(
1 0
0 1
)
(5.15)
with α = 0. Both solutions satisfy the reflection equation
R12(u− v)K1(u)R12(u+ v)K2(v) = K2(v)R12(u+ v)K1(u)R12(u− v)(5.16)
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with R12(u) the rational solution of the Yang-Baxter equation given by
R12(u) =

1 0 0 0
0 uu+~
~
u+~ 0
0 ~u+~
u
u+~ 0
0 0 0 1
 .(5.17)
The general solution of the reflection equation (5.16) has been obtained by direct resolution in [dVGR]
and contains four arbitrary parameters. It also appears in [DMS] from intertwiner technique. This so-
lution is equivalent to our solution (5.14) related to Y+(sl(2)). The three supplementary parameters
come from the invariance of (5.16) by the conjugation with an arbitrary invertible matrix M ∈ End(C2):
M1M2R12(u)M
−1
1 M
−1
2 = R12(u). Note that the identity solution (5.15), that also appears in [DMS], cannot
be recovered from the solution of [dVGR]. It is consistent with the existence of two algebras inside the
reflection algebra constructed from (5.16).
The K-matrix obtained for Y+(sl(2)) corresponds to the one used to define B(2, 1) [MR] or the orthogonal
twisted Yangian [Ols] (up to some conjugation and transposition) and the K-matrix obtained for Y−(sl(2))
corresponds to the one used to define B(2, 0) [MR] or the symplectic twisted Yangian [Ols].
6. Conclusion
In this paper, we define a new structure associated to Lie algebras, called Lie bi-ideal structures, and
provide a way to obtain examples thanks to particular automorphisms of Manin triples. We show that this
structure is the good framework to obtain coideal algebras provided these Lie bi-algebras be deformed.
There remain a lot of interesting open questions. Lie bi-algebra structures are known to guarantee
the existence and the uniqueness of the Hopf algebra. The proof is based on the Hopf algebra cohomology.
Therefore, it is certainly of great interest to develop a coideal algebra cohomology and study the implications
for the bi-ideal structures introduced in this paper. From another point of view, the construction of an analog
of the coboundary for the bi-ideal structure and the computation of classical K-matrices are interesting
questions.
Regarding applications to integrable models with boundaries, this presentation of coideal algebras is
interesting for the construction of dynamical K-matrices (i.e. with algebraic entries) that are solutions of
the reflection equations [BK, BF]. They allow one to construct integrable models with degrees of freedom
on the boundaries [BK]. On the other hand, we expect that they can be used to construct the algebraic Q
Baxter operators for open models. For periodic models this construction is known [BLZ]. These algebraic
Q Baxter operators appear, for example, in the study of the correlation functions [JMS].
Acknowledgement: The authors thank P. Baseilhac, A.I. Molev, E. Ragoucy and P. Roche for their careful
reading of the manuscript.
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